Unit 3: Mathematical Induction:

3.0 Unit Objectives:

By the end of this Unit, learners will be able to:

e Understand the first principle of mathematical induction.
e Write proofs of statements using the method of mathematical induction.

3.1  Unit Introduction:

Mathematical induction is a method of proving a particular class of
conjectures. A conjecture in mathematics is a statement which is not proved.
Induction is generally used to establish that, a given statement is true for all natural
numbers. The method can be extended to prove statements about more general
structures; this generalization, known as structural induction or strong induction is
used in Mathematical logic and computer science. In fact, mathematical induction is a
form of deductive reasoning. The earliest traces of mathematical induction can be
found in Euclid’s proof that the set of all primes is an infinite set.

A method of proving conjectures is needed because, in mathematics “disproof
by counterexample” always works but “proof by example” seldom works. But if the
conjecture is a statement about a small finite set then we can prove the conjecture by
showing that for each member of the collection it is true.

Example: Suppose we want to prove the following statement
“If a natural number from 1 to 13 is divisible by 6, then it is also divisible by 3.”
One proof can be written as:
From 1 to 13, 6 is divisible by 6, it is also divisible by 3.
12 is divisible by 6 and it is also divisible by 3.
1,2,3,4,5,7,8,9,10,11,and 13 are not divisible by 6.

So we can say that above statement is proved, as it is checked for the two
numbers in question.

But if we want to prove any statement for all natural numbers then this method
is not useful as it is impossible to verify the statement for all numbers. So to prove a
conjecture is true, we need some more formal methods of proof. One of these
methods is of mathematical induction.

Principle of Mathematical Induction can be stated as:

“Show that something works for the first time.

Assume that it works for this time, and show that it will work for the next time.
Conclusion, it works all the time.”



3.2 The first principle of mathematical induction:

The simplest and most common form of mathematical induction is the first
principle of mathematical induction.
Mathematically it is stated as : A
statement p(n), involving natural numbers n is true for all natural numbers n if we
can show that,
1. The statement p(n) is true when n = 1.
2. The statement p(n) is true when n = k+1,assuming that the statement is true for

some natural number k .

The proof of statement p(n) using the first principle of mathematical induction
consists of two steps:
1.The basis step: In which we show that the statement holds when n = 1.
2.The inductive step: In which we show that if the statement holds for n = k, then it
also holds forn =k + 1.

The proposition following the word "if" in the inductive step is called the
induction hypothesis. To perform the inductive step, we assume the induction
hypothesis and then use this assumption to prove the statement forn =k + 1.
Examples:

1. Suppose we wish to prove the statement that: "The addition of the first n
natural numbers is equal to (n (n+1))/2 ,for all natural numbers n.”

Proof : The proof that this statement is true for all natural numbers n proceeds as

follows:

W e denote the statement to be proved by p(n).
So p(n):1+2+3+... +tn= n(n+1) /2

Basis of Induction: determine whether p(n) is a true statement for n= 1.

The sum of 1 and no other number is simply 1. And also 1(1 +1)/2=1.

So the statement is true for n=1.

Inductive step :Now we have to show that if the statement holds when n = Kk,

then it also holds when n=k + 1.

Assume the statement is true for n = k, i.e. assume that, p(k) is true.

ie. 1+2+3+... +k = k(k+1) /2

Add ( k + 1) which is the left-hand side's next term, to both sides. This does not

change the equality:

S1+2+3+0+k +(k+1) = [k(k+1)/2]+ (k+ 1)
= [k(k+1)+2(k+1)]/2

S1+2+3+0+k +(k+1) =[ (k+1) (k+2)]/2

So, p(k +1) is proved assuming p(k) to be true.

Hence this statement p(n) is true for all natural numbers n because of the first
principle of mathematical induction.



2. Prove the following formula for the sum of consecutive cubes:

13 + 23 +3 3 +... +n3 = [n2 (n+1) 2 1/ 4, for all natural numbers n.
Proof : We denote the statement to be proved by p(n).
. p(n) : 13+23 +33+... +n3 = [n'2 (n+1) 2]/4

Basis of Induction: determine whether p(n) is a true statement for n = 1.

The sum of 13 and no other number is simply 1.

And also 12a+n2/2= 12 %4
= 4/4
=1
So the statement is true forn = 1.
Inductive step : Assume the statement is true for n = k, i.e. assume that, p(k) is

true.
pk): 1042 +3% 4 3 = (KB ke) P04
Then we have to show that the statement is true for its successor, k + 1.
s Add (k+ 1)3 which is the left-hand side's next term, to both sides of p(k). This
addition does not change the equality.
13:2% 3% i (k4 1) = [KE (k1) 2174 +(k+1)°
(kD) (K wak+1))]/4
[(ke1) 2 (K +ak+4)]/4
= (ke (k+2)%) /4
10128 13l k1) = (ke1)? (k+2) /4
So, p(k +1) is proved by assuming that p(k) to be true.

Hence this statement p(n) is true for all natural numbers n, by the first principle of
mathematical induction.

3. Prove that : The sum of the first n odd numbers is equal to the nth square:

ie. 1T+3+5+7+...+(2n-1)= n2, for all natural numbers n.
Basis of Induction: Determine whether p(n) is a true statement for n= 1.

On the left hand side , the sum of 1and no other number is simply 1.
2

And on the right hand side, 1= 1.

So the statement is true forn = 1.

Inductive step : Assume the statement is true for n =k, i.e. assume that, p(k) is
true.

p(k) : 1+3+5+7+...+(2k—1)=k'2

Then we have to show that the statement is true for k + 1.
~. Add [2(k+1) — 1] which is the left-hand side's next term, to both sides of p(k). This
addition does not change the equality.



S1+3+45+7+.00+(2k=-1) +[2(k+1) -1 ]=k'2 +[2(k+1)—1]
e 4345474, +(2k=1)+2k+1 =K +[2ke]
2
=(k+1)
This is the required statement p(k+1).
So, p(k +1) is proved by assuming that p(k) is true.
S1+834+454+74+...+(2n-1)= n‘2 is true for all natural numbers n, by the

principle of mathematical induction.

4. Prove that:
1+4+9+..+n°=n(n+1)(2n+1)/6 for all positive integers n.

Proof : Here the statement to be proved is ,
p(n): 12+22 +3%+...+n° = n(n+1)(@n+1)/6.
Basis of Induction: Determine whether p(n) is a true statement for n=1.
On the left hand side, the sum of 12 and no other number is simply 1.
And on the right hand side, value is,

1(1+1)(2x1+1)/6 (1x2x3)/6
6/6

=1.

So the statement is true forn = 1.

Inductive step : Assume the statement is true for n =k, i.e. assume that, p(k) is
true.
p(k) : 12422 4324, +k%® =k (k+ 1) (2k + 1) /6.

Then we have to show that the statement is true for k + 1.
. Add [ (k+1) 2] which is the left-hand side's next term, to both sides of p(k). This
addition does not change the equality.

212422 4324 4K+ (k+1)2 = [(k ) (k+1)(2k+1)/6 J+(k+1)2
=[(k+1)(k+2)(2k+3)]/6.

This is the required statement p(k+1).
So, p(k +1) is proved by assuming that p(k) is true.

S12422 +32%24...4n2 = n(n+1)(2n+1)/6, is true for all positive integers n,
by the principle of mathematical induction.

5. Prove that: nl>2"" for all positive integers n > 1.
N=nxN—-1)x(Nn-2)x(Nn-3) X..x3x2x1.

Proof : Here the statement to be proved is ,

p(n): nl>2""".

Basis of Induction: Determine whether p(n) is a true statement for n= 1.
On the left hand side, n! =1!=1.




And on the right hand side, 2" ' =2'"" =2° =1,

So the statement is true forn = 1.

Inductive step : Assume the statement is true for n = k, i.e. assume that, p(k) is
true, where p(k) : kl>2k 1,

Then we have to show that the statement is true for k + 1.

. Multiply both sides of the inequality by (k+1) which is the left-hand side's next
term, to both sides of p(k). This multiplication does not change the inequality.

oo (k1) x KL (k+1) x 2%

oo (k1) > (k1) x 267

>2x 2% ' . becausek+1> 2ask>1.
_olke =1 _ ok
sk > 2™ Thisis the required statement p(k+1).

So, p(k +1) is proved by assuming that p(k) is true.

-~ n!>2""" s true for all all positive integers n > 1, by the principle of mathematical
induction.

6. Provethat: 7"—1is divisible by 6 for all natural numbers n>1.
Proof : Here the statement to be proved is ,

p(n): 7"—1is divisible by 6.
Basis of Induction: Determine whether p(n) is a true statement forn = 1.
Forn=1,
7"—1 = 7'—1 = 6, itis divisible by 6.
So the statement is true forn = 1.
Inductive step : Assume the statement is true for n =k,
i.e. assume that, 7~ 1 is divisible by 6.

s 7=1=6m , for some integer m.

. 7"
Then we have to show that the statement is true for k + 1. i.e. we have to show
that 74" - 1 is divisible by 6.

Now, 7M1= (7x7%)-1
= (7x(®mM+1))—1 ,using (l) above.
42m+7-1

42m+6, itisdivisible by 6.
= 7% 1 is divisible by 6 , if 7% 1 is divisible by 6.

So, p(k +1) is proved by assuming that p(k) is true.



s 7" — 1 is divisible by 6 , for all positive integers n > 1, by the principle of
mathematical induction.

¢ Self Test!I:

Using principle of mathematical induction prove that the given statements
are true for all natural numbers n.

1. 2+7+12+...+(5n-3)=[nbn-1)]/2.
Sum of the first n even natural numbers is n(n+ 1).
1(1) + 2(2!) +3(3!) + ...+4n(n!) = (n+1!) —1.

142422 4284, 42" = 2™ _ 4,

147472 73 4 47"

= (7"=1)/6.
2n° 1+ 9n® +13n +7 > 0.

n? + n is an even number.

5"— 1 is divisible by 4.

11"— 6 is divisible by 5.
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10. 30 -6 (5") is divisible by 24.

3.3 Summary for Unit 3
In this unit learners studied the following topics in details:
1. The first principle of Mathematical Induction .
2. Applications of the first principle of Mathematical Induction to prove different
mathematical statements about natural numbers.



