Unit 2 Set Theory
2.0 Unit Objectives:

By the end of this Unit, learners should be able to:

e Understand concept of a set.

e Describe different types of sets.

e Perform various operations on sets.

e Explain different properties of sets.

o Represent sets using Venn diagrams.

2.1 Unit Introduction:

Set Theory is the mathematical science in which properties of sets are studied.
Sets are basic abstract objects that are used in the study of logic, discrete
mathematics and computer science etc. Here we will discuss the basics of set, types
of sets and different operations on sets.

2.2 Set notations:
Definition 2.2.1 Set: A setis a well defined collection of objects.

The objects of a set are called elements or members.
The elements of a set can be anything. A set can be a collection of numbers,
collection of names of persons, collection of letters of the alphabet or even collection
of other sets. Sets are conventionally denoted with capital letters A, B, C, etc. And the
elements are generally denoted with lower case letters x, y, z etc. If x is a member of
a set A, then symbolically it is denoted as xeA, and if x is not a member of a set A
then symbolically it is denoted as x ¢ A.
Various methods are used to indicate members of a set. The two methods which are
more commonly used to represent sets are the Set listing method and the Set builder
method.

1: Listing Method / Roaster Method:

In set listing method the elements of a set are explicitly listed within braces or curly
brackets. If set contains only a small number of elements or if there is some particular
pattern in the list of elements then this method is useful.

The order in which the elements of a set are listed is not important. And also the
repetitions in the list do not change the contents of a set.




For example, {2,4,6, 8} = {6,2,8,4 } ={8,6, 4, 2} = {2,2,4,6,6,8}. For the sets with too
many elements, more often an abbreviated list is used. This list is ended with three
dots “...”, which indicates that the list continues in the obvious way.
Examples:
) A={1,3,5,7,9}. Here1, 3, 5,7 and 9 are the members of the set A.
So we can write 1A, 3€A, 5eA, 7eA and 9€A; but2 ¢ A, 4¢ Aor 8¢ A etc.
o B = {BASIC, C, C++, PASCAL}
In this case BASIC, C, C++ and PASCAL are the members of set B. So we
can write BASIC €A, CeA, C++ €A, and PASCAL €A whereas COBOL¢
A or FORTAN ¢ A etc.
e The set of the first one hundred natural numbers can be described
symbolically using listing method as, A={1, 2, 3, ..., 100}.
e Similarly the set of all odd natural numbers can be written using listing
method as {1,3,5,7,...}.
Note that if we cannot observe any particular pattern in the list of members
and we cannot guess at any stage what the next number in the list might be, then for
such sets listing method is not useful.

2. Set builder Method: More complicated sets are described by a different way. If a
set contains a large number of elements and the members of the set follow some
obvious pattern, then the set builder method is used to represent such set. In this
method a set is described by indicating the properties that its members must satisfy.
The generalized form set-builder notation is {x : p(x)}. It denotes the set of
every object x which satisfy the property p(x). In this description, the colon “:” means
"such that" (Sometimes the notation “|” is used instead of the colon.).
Examples:
e A ={x: xis a natural number less than 101} . This we read as the set Ais a
set of all x, such that x is a natural number less than 101.
This set A contains hundred numbers which are all natural numbers from 1 to
100. This set can also be represented using listing method as A = {1, 2, 3, ...,

100}.
e B = {x: x is a natural number and 2 < x2 <30}. This we read as the set B is a

set of all x, such that x is a natural number whose square is between 2 to 30.
This set A can be written using set listing methodas B={2, 3,4, 5}.




o Self Test I: Select the correct alternative from the given alternatives.

1. Which of the following represents the statement "The number 5 is not a
member of the set A™?
(@) 5€A (b) 5¢ A (c) Aegeb (d) Aeb.
2. Which of the following represents the statement "The number 10 is a member
of the set B”?
(a 10eB (b) 10¢ B (c) Beg10 (d) B e10.
3.  Which of the following represents the set A ={11, 13, 15, 17,19 }?
(@ A={x:xisanatural number greater than 11}
(b) A={x:xisanodd natural number greater than 11}
(c) A={x:xisanodd natural number between 10 to 20 }
(d) A ={x:xis anatural number less than 20} .
4. Which of the following represents the set A ={1, 4,9, 16,25 }?
(a8 A={x:xisasquare of natural number less than 30}
(b) A={x:xisanodd natural numberless than 30}
(c) A={x:xisanodd natural number between 1 to 30 }
(d) A ={x:xis anatural number less than 30} .
5. Which of the following represents the set A={a, e, i, 0, u}?
(@ A={x:xisalphabet} (b) A ={x:xis English alphabet }
(c) A={x:xisan English alphabet and a vowel}
(d) A ={x:xisan English alphabet and a consonant } .
6. Which of the following represents the set A={4,5,6,7,8,9}7?
(@) A={x:xisanumberless than 10} (b) A={x:xisan integer greater than 3}
(c) A={x:xisanodd integer between 3 to 10}
(d) A={x:xisaninteger and 3<x<10}.
7. Which of the following represents the set ,B ={x: xis anintegerand 3x=61}?
(@ B={1} (b) B={2} (c) B={3} (d B={6}
8. Which of the following represents the set, B = { x : x is an integer, x*+1 = 10} ?
@ B={-3,..,3 (b) B={-3,3} (c) B={3} d B={}
9. Which of the following represents the following set ,
B ={x:xis an even natural number greater than 25 and less than 35} ?
(@ B={26,27,28,..., 34} (b) B={26, 28, 29, 30..., 34}
(c) B={24,..,34} (d) B={26, 28, 30,32, 34}.
10.Which of the following represents the following set,
B={x:xisavoweland xisnota or i}?
@B={a,ei,o,u} (b) B={a, i} (c) B={e,i,o,u}(d) B={e,0,u}.



2.3 Types of sets :
Definition 2.3.1: Empty Set or Null set:
The empty set is a set which contains no elements.

Usually empty set is represented using the symbol ¢. Some times it is also

represented as { }. But note that the set {$} is not an empty set.
Examples:
¢ A is the set of natural numbers whose squares are negative. This set A is an
empty set because there is no natural number whose square is negative.
e B= {x:xisa prime integer whose square is one}. This set B = ¢, because
there is no prime integer whose square is one.

Definition 2.3.2:_Singleton Set: A singleton set is a set which contains only one
element.
Examples:
e |If A is the set of all natural numbers whose square is 100, then set A = {
10}. A is a singleton set because there is only one natural number whose
square is 100.
e B = {x:xisaneven prime integer} . This set in listing form can be written
as B = { 2}. B is a singleton set because there is only one prime number
which is even.

Definition 2.3.3: _Subset and Superset:

If every member of the set A is also a member of the set B, then set A is said to be

a subset of set B. It is written as A — B.

It is also pronounced as “A is contained in B”.

Equivalently, in this case we can write B o A, and read it as “B is a superset of A”, or
“B includes A”, or “B contains A”.

Empty set is a subset of every set.
If A is a subset of but not equal to B, then A is called a proper subset of B, it is written
as A c B. In this case B is a proper superset of A and it is written as B o A.
Examples:

e The set of all women is a proper subset of the set of all people.

e {2,57}c{1,2, 5,6,7}

e {a,b,c,d, e}c{a, b, c,d, e} .Infact every set is a subset as well
as superset of itself.



o ({black, yellow, blue, red} o { red, yellow}
For any set A empty set is a subset of A and the set A itself is also a subset of
A. These two subsets are called improper subsets of set A and all remaining subsets
are called proper subsets of set A.
Example:
e If A={a, b, c}then, the improper subsets of A are & (the empty set) and
A= {a, b, c} whereas the proper subsets of A are {a}, { b}, {c}, {a, b}, {a, c}
and {b, c}.

Definition 2.3.4: Finite set and infinite set : A set is said to be a finite set if it
contains a finite number of elements, all other sets are called infinite sets.
Examples:

e A = {x: xis a natural number and 2 < x2 < 30 } .It is a finite set because it
contains finite number of members which are 2 ,3,4 and 5.
e B={a, b, c, d e f}lt isalso afinite set because it contains 6 members only.
e C= {x:xisaprime integer}. This set is an infinite set because the number of
prime integers is not finite. Using set listing form this set can be written as
C= {2,3,57,11,...}
Some standard infinite sets of numbers, which are commonly used, are listed below:
Set of all natural numbers, N ={1,2,3, ...}
Set of all integers, Z ={...-3,-2,-1,0,1,2,3, ...}
Set of all rational numbers, Q={p/q: p,qe Z,q#0 }
Set of all real numbers, R={x: —0< X <}

Definition 2.3.5: _Universal Set. A set which contains all the elements in the
universe of discourse is called a universal set.
It is generally denoted by U.
Normally anything under consideration is part of the Universal Set. So any
thing other than the universal set is an empty set.
Examples:
e |f the sets involved in discussion are of numbers then the universal set can
be R, the set of all real numbers.
e |If we are discussing about people in different states of India, then the
universal set is the set of all people in India.




Definition 2.3.6: _Power set:
The set of all subsets of a set A is called the power set of A and is denoted by

PA) .
If a set A contains n number of elements then its power set P(A) contains 2"

number of elements.
Examples:

e If A ={2,3} then all possible subsets of A are ¢ (the empty set), {2}, {3}
and {2,3}. Therefore the power set of A is P(A)= {9, {2}, {3}, {2, 3} }.

We observe that set A contains 2 elements and $P(A) contains 4 = 22 elements.

e If B ={a, b, c} then all subsets of B are as follows : ¢, {a}, {b}, {c}.{a, b},
{a, c}, {b,c}and{a, b, c}.
Therefore the power set of B is P(B)= {0, {a}, {b}, {c}, {a, b}, {a, ¢}, {b, c}, {a, b, c} }.

As the set B contains 3 elements, its power set contains 8 = 23 elements.

23 Self Test 1I:
Select the correct alternative from the given alternatives.
1. Which of the following is a null ( or empty ) set?
(@) {x:xisa natural number and x*+1 =10}
(b) {x:xisa natural number and x? = 121}
(c) {x:xisa natural numberand x* =— 10}
(d) {x:xisa natural number and x*< 100}
2. Which of the following is a singleton set?
(@){ x : x is an integer and x* =16} (b) {x:xis an integer and x*—1 = 120}
(c) {x:xisa aninteger and x* =x}(d) {x:xisa aninteger and 4x = 8}
3. IfA={1,2,3,4,5}and B ={2, 4, 5}, then which of the following holds?
@ AcB () BcA c) A=B d) A =B
4. Which of the following sets is a finite set?
(@) { x : x is an integer and x*> 0} (b) A = { x :x is a prime number greater than 10}
(c){x:xisa aninteger and x* =x} (d) A ={x:xis an integer less than 20} .
5. Which of the following is true for the standard sets?
@ R cZ (b) ZcQ (c) ZcN (d QcN

6. Which of the following can be an Universal set, for the sets
A={1,4,9,16,25},B={3,7,20} and C={15, 20, 25} ?



(@ U={x:xisasquare of natural number less than 30}
(b) U={x:xisanodd natural numberless than 30 }
(c) U={x:xisanodd natural number between 1 to 30 }
(d) U={x:xisanatural number less than 30} .
7. If we are dealing with the set of all computer programmers in the world, then
which of the following can be an Universal set ?
(@) setof all men in the world
(b) set of all women in the world
(c) set of all people in the world
(d) setofall Indians in the world.
8. If A={4,5,6, 7,9}, then power set of A contains how many elements?
@ 4 (b) 25 (c) 5 (d)32
9. IfA={1,3,9}, then which of the following is power set of A ?
(@ {1,3,{39,.{3,1,{9,3},{1,9} }
() {{} {1h{3} {91 {1.3{1,9} {3, 9}{1,3,9}}

) {6 {1.45{1,9{3, 7}, A } (d B={{1,3,{3 9}
10.Which of the following represents the power set of IN?

@ {{1,1},{1,2},{1,3},...} (b) {A: Aisasubsetof N}

() {x:—w< x <w} (d) {{x}: xisamemberof N}

2.4 Set Operations

In arithmetic we study different operations of two number such as addition,
multiplication, division etc. Similarly we define different operations on sets which are
union, intersection, subtraction Cartesian products etc.
Definition 2.4.1: Equality of sets: Two sets A and B are said to be equal, if they
contain the same elements. It is written as A = B.
Any two sets A and B, are equal if and only if all members x of set A are such that x
is also a member of set B. So if itis true that, A cBand B c A, then A=B.
Examples :

e {1,2,3}={3,2, 1},

e |If A={x: xis a natural number and 2 < x2 <30}

and B ={2,3, 4,5} then we observe that every member of set A is also a
member of set B and every member of set B is also a member of set A.
Therefore A =B.




Definition 2.4.2: _Union of sets: If A and B are any two sets, then the union of sets A
and B, is the set of all the elements which are either from set A or from set B or
from both sets. It is denoted by A UB.
Symbolically this set is defined as A U B ={x | xeA or xeB}
Examples :
e IfA={1,2,3}andB={1,2,4,5} thenAUB ={1,2,3,4,5}.
o IfA={1,2,3}andB={4,5},then AuB ={1,2,3,45}.
Definition 2.4.3: Intersection of sets: If A and B are any two sets, then the
intersection of sets A and B, is the set of all elements which are in both A and B (i.e.
those elements which are common to both sets). Itis denoted by A N B.
Symbolically this set is definedas AnB={x|xeAandxeB}.
Examples:
e IfA={1,2,3,7}andB={1,2,4,5} thenAnB ={1,2}.
e IfA={1,2,3}andB={4,5},then AnB =¢.
o IfA={1,2,3}andB={1,2,3},thenAnB ={1,2,3}.
If two sets A and B have no common elements then A N B = ¢, such sets are
called mutually disjoint sets.
Definition 2.4.4: Difference of sets: If A and B are any two sets, then the difference
of set A from set B , is a set of all those elements of A which are not elements of B.
It is denoted by A— B (or A/B).
Symbolically this set is definedas A-B ={x| xe Aandx ¢ B}.
And similarly B—A ={x| x e Band x ¢ A} .Obviously A-B # B-A.
Examples:
o IfA={1,2,3,79}andB={1,2,3,4,5} thenA-B ={7,9}
andB-A ={4,5}.
o IfA={1,2,3,..9}andB={1,3,5,7,9} thenA-B ={2,4,6,8}
andB-A =¢.
Definition 2.4.5: Complement of a set: If A is any set for which U is the universal set,
then the Complement of the set A is the set which contains those elements of U
which are not elements of A. It is denoted by A or A'.
Symbolically this set is defined as A°= A’ ={x| x e Uand x ¢ A} .
Obviously A° = U-A.
Examples :
e IfU={1,2,3,...,10}andA={1,2,34,5} thenA°={6,7,8,9,10}.
e U is the set of all integers and B is the set of all even integers then B is the
set of all odd integers.




For every set A, there are no common elements in sets A and A® ,i.,e. A n A° = ¢. So
every set and its compliment are disjoint sets.
Definition 2.4.6:_Cartesian product: If A and B are any two sets, then the set of all
ordered pairs (a, b), where a is an element of A and b is an element of B, is called the
Cartesian product of A and B. It is denoted by A X B.
Cartesian product of two set A X B is formally defined as

A XB={(a, b)| (a €A and beB }. Similarly the Cartesian product of set B

with set Ais BXA ={(b,a) | b e Banda e A} .Obviously AXB # BXA
Examples :
. IfA={1,2}and B ={a, b, c}, then
AXB={1,a),(1,b),(1,c),(2,a),(2,b), (2 ¢c)} and
BXA ={(a, 1), (b, 1),(c, 1), (a, 2), (b, 2),(c,2)}
o If A={x,y, z}, then
A XA={(xx),(XY) (X 2),(,x) Y y) ¥ 2, Xx),(zY) (2 2)

2 Self Test 1lI:
Select the correct alternative from the given alternatives.

1. IfA={2,3,5,7,11, 13}, then which of the following B is such that, A=B ?
(@) B ={x:xisanatural number between 1 and 13}
(b) B ={x:xis anatural number less than 13}
(c) B={x:xisaprime number less than 15}
(d) B ={x:xisanatural number greater than 1}
2. IfA={1,2,3,4,5}, B={1,3,57,9}, then which of the following is AUB ?
@ { 1,2,3,4,5,7,9} (b) {1,2,3,4,5}
(c) {1,3,57,9} (d {1,3,5}
3. IfA={x:xis an even natural number between 1 to 11 } and
B = { x: xis a prime number less than 15 }, then which of the following is AUB ?
@ {1,2,3,4,57,9} (b) {2, 4,6,8,10}
(c) {2,3,4,5,6,7,8,10,11,13, } d)y {2,3,57,11,13}.
4. IfA={1,2,3,4,5}, B={1,3,57,9}, then which of the following is AnB ?
@ { 1,2,3,4,57,9} (b) {1,2,3,4,5}
(c) {1,3,5,7,9} (d) {1,3,5}
5. If A={x: xis an odd natural number between 1 to 11 both inclusive} and
B = { x : xis a prime number less than 15 }, then which of the following is AnB ?
@ {3, 57,11} (b) {1,2,3,...,11}



(c) {1,3,5,7,9, 11} (d) {2,3,57,11,13}.
6. fA={1,2,3,...,10}, B={1,4,9, 16, 25}, then which of the followingis A-B ?
@ { 1,23, 57,16 } () {1,2,3,5,6,7,8,10}
(c) {1,3,5,7,9} (d) {16,25}.
7. If A={x:xis a natural number between 5 to 15 both inclusive} and
B = { x : xis a prime number less than 18 }, then which of the following is B — A?
(@ {6,8,9,10,12,14,15,16 } (b) {5,6,7,...,15}
(c) {1,3,5,7,9, 11} d) {2,317}
8. If universal set is the set of all people in the world and A is the set of all Indians in

the world, then which of the following is A%?

(@) Set of all Americans in the world

(b) Set of all persons in the world who are not Indians

(c) Set of all people in the world

(d) Set of all Non Resident Indians in the world.
9. IfA={1,4,9}, B={3, 7}, then which of the following is AXB ?

@ {G1).34).39),(7,1),(7,4).(7,9) }

(b) {(1,3),(1,7),(4,3),(4,7)(9,3),(9,7)}

() {(1,4),(1,9.,8,7) } d) B={(1,3),4&7)}
10.Which of the following represents the Cartesian product R x R?

@ {(1,1),(1,2),(1,3),...} (b) {(x,x):xe R}
() {x:—-0w< x <w} d {(x,y):xe R andy e R }.

2.5: Properties of set operations:

The operations on sets satisfy many algebraic properties. All of these
properties can be proved using the definitions of the operations. These can also be
proved using the diagrammatic representations of sets which are Venn diagrams.
We will study these Venn diagrams later.

All above defined operations on sets satisfy the following properties:

1. Commutative properties:
For all sets A and B, we have
(i) Union of sets is a commutative operation, i.,e. AuUB=B UA.
(i) Intersection of sets is a commutative operation, i.,e. ANB =B N A.
2. Associative properties:
For all sets A, B and C, we have
(i) Union of sets is an associative operation, i.e. (A uB) U C=A u(B U C).
(ii) Intersection of sets is an associative operation, i.,e. AN B)nC=An (B n C).




3.

4.

5.

6.

7.

8.

Distributive properties:
For all sets A, B and C, we have
(i) Union of sets is a distributive operation over intersection of sets
i.,e. AuBNnC)= (AuB)n(AUC).
(i) Intersection of sets is a distributive operation over union of sets
ie. An(BuC)= (AnB) U (AN C).
Idempotent laws:
For every set A, we have
(i) AUA= A
(i) AnA=A.
DeMorgan’s laws:
For all sets A and B, we have

i) AuB)®=A°~B°.
(i) An B)°= A°UB®
Properties of complements:

For every set A, universal set U and null set ¢ , we have
. c,C
i) ((A)") = A
(i) Au A= U.
(i) AnAS =9¢.
(iv) ¢° =U.
C
(v) U =¢.
Properties of the universal set:
For every set A and universal set U , we have
(i) AuuU=u.
(i) AnU=A
Properties of the null set:
For every set A and null set ¢, we have
i) Au ¢= A
(i) Anod=4d.




<« Self Test IV:
For solving the exercises 1 to 5 below, consider the following sets:
U={1,23,...10}, A={x:xisaprime number less than 10},
B ={2,4,6,8,10} C={1,4,9, 16, 25},
Select the correct alternative from the given alternatives.

1. Which of the following is the set, (A U B) “?
@ {2,3,4,56,78,10} (b) {1,9} (c) {13579 () {1,3,5, 9}
2. Which of the following is the set, A ° U B ©?
@ { 1,3,4,56,7,8,9,10 } (b) {1,2,3,4,5}
(c) {1,3,5,7,9} (d) {1,9}.
3. Which of the following is the set, ((A) C) 2
@ { 2,3,57} (b) {1,23,.10} (c){1,4,6,89,10} (d) {1,2,3,57}
4. Which of the following is the set C U A €2

(@{2,3,4,56,7,8,10, 16,25 } (b) {1,2,3,4,5}
(c) {1,3,5,7,9} d) {1,4,6,8,9,10, 16,25} .
5. Which of the following is the set B €2
(@ {3, 57,9} (b) {1,2,3,..,10}
(c) {1,3,57,9} d) {2,3,579}
6. Which of the following is an associative property ?
@ AnBuUWC)= (AnB)uU (AN C) (b) AUA= A
(c) (AUB)UC=AuUBUC) d (An B =A°UB"
7. Which of the following is a distributive property ?
@ (An B)°=A°UB® (b) An(BUC)= (ANB)U (AN C)
(c) AUA= A (d) (AuB)UC=Au(BUCQC).
8.  Which of the following is an idempotent law?
(@) AUA= A, 0 (An B)°=A°UB®

(c) An(BuC)= (AnB)uU (AN C) d) (AuB)UC=AuBULC).
9. Which of the following is a De Morgan’s law??
(a) (AUB)UC=AuUBUC) () (An B)°=A°UB®
(c) AUA= A d AnBWC)= (AnB)u(AnC)
10. Which of the following is not true?
@ AuU=A () ¢ =U € Anoé=6.(d) AU A°=U.



2.6 Venn diagrams:

Sets can be represented, using Venn diagrams also. A Venn diagram is a
pictorial representation of sets in a plane. In Venn diagrams sets are represented by
circles, ellipses or closed curves and a rectangle. The Universal set is represented by
the interior of a rectangle and the other sets are represented by circles or closed
curves lying within the rectangle.

1. If U is universal set and U > A, then U is divided into two subsets A and A,
Because U=AUA°. AVenn diagram of this situation can be as shown below:

Shaded portion in this diagram shows AS .

/

AC

7S

If B < A, then inside a rectangle representing universal set a circle or ellipse
representing set A is drawn and the circle or ellipse representing the set B is drawn
entirely within set A. It is because of the fact, that in this case every element of set B
is also an element of set A. A Venn diagram of B — A can be as shown below.

A

2. If A and B are disjoint sets i.e. A and B have no common elements then the
circles or ellipses representing set A and set B are drawn separated within the
rectangle representing universal set. A Venn diagram of this case can be as shown
below:




3. If A and B are any two sets then it is possible that some elements of set U are
in both sets A and B , some are only in set A but not in set B, some are only in set B
but not in set A and some are neither in set A nor in set B. A Venn diagram of this
case can be as shown below:
Coloured portion in the diagram 1 shows the set AUB and the coloured portion in
this diagram 2 shows the set AUB. In these diagrams the two ovals represent sets
A and B respectively and the rectangles represents the universal set.

Diagram1 Diagram2

Self Test V

2.7 Summary for Unit 2
In this unit learners studied the following topics in details:

1. Concept of set and how to write sets using set listing form and set builder form.

2. Different types of sets which are null or empty set, singleton set, subset,
superset, universal set , finite/ infinite set and power set etc.

3. How to perform various operations on sets such as union, intersection,
difference and Cartesian product.

4. What are different properties of sets such as Commutative properties,
Associative properties, Distributive properties, Idempotent laws, DeMorgan’s
laws, Properties of complements, Properties of the universal set and Properties
of the null set.

5. Representation of sets using Venn diagrams.



